A novel continuous time predictive control and generalized extended state observer (GESO) based acceleration tracking pitch autopilot design is proposed for a tail controlled, skid-to-turn tactical missile. As the dynamics of missile are significantly uncertain with mismatched uncertainty, GESO is employed to estimate the state and uncertainty in an integrated manner. The estimates are used to meet the requirement of state and to robustify the output tracking predictive controller designed for nominal system. Closed loop stability for the controller-observer structure is established. An important feature of the proposed design is that it does not require any specific information about the uncertainty. Also the predictive control design yields the feedback control gain and disturbance compensation gain simultaneously. Effectiveness of GESO in estimation of the states and uncertainties and in robustifying the predictive controller in the presence of parametric uncertainties, external disturbances, unmodeled dynamics, and measurement noise is illustrated by simulation.
Introduction
Traditionally, missile autopilots are designed using linear control techniques wherein missile dynamics are linearized around certain number of operating points in the flight envelope. Subsequently, controllers are designed at the operating points and gain scheduling is employed to obtain desired performance in the complete flight envelope. To this end, linear control approaches have dominated missile autopilot design over the past several decades [1] [2] [3] . To address the issue of robustness in the face of uncertainties in aerodynamic parameters, various robust control techniques such as ∞ and analysis [4, 5] have been proposed to design robust autopilots. One can also find specific theories such as control of linear parametrically varying (LPV) systems [6] , eigenstructure assignment technique [7] , Quantitative Feedback Theory [8] , and extended-mean assignment technique for linear time-varying systems [9] employed for the design of missile autopilot.
There exist certain issues in many of the controllers that require discussion. Firstly, the robustification approaches require some knowledge, in terms of either bound of uncertainties or some characteristics of the same. In either case, lack of exact information on this count may result in either a highly conservative design or poor robustness and performance. Secondly, controllers that are based on state feedback require availability of full state vector. In the case of pitch autopilot, the state vector consists of angle of attack, pitch rate, and the fin deflection. While the pitch rate and fin deflection are measured, the angle of attack is not normally available. This necessitates a separate design for an observer to estimate it [10] [11] [12] . Lastly, due to the nonminimum phase characteristics of the acceleration dynamics, frequently controllers are designed through output redefinition, that is, using angle of attack (or combination of angle of attack and pitch rate) as output instead of the normal acceleration [9, 11, [13] [14] [15] [16] [17] . In such designs, usually the desired acceleration command is translated into an equivalent angle of attack command and the controller is designed to track the latter. Obviously such an approach may result in inferior performance whenever the requirements of desired acceleration are not translated accurately in terms of the desired angle of attack.
In this paper, addressing the issues, acceleration tracking pitch autopilot design for a tail controlled, roll position stabilized, skid-to-turn missile that is robust to uncertainties and external disturbances is proposed. By considering missile 2 Journal of Control Science and Engineering acceleration as output, an output tracking formulation of the continuous time predictive control approach [18, 19] is employed for the design of control law. The predictive controller, however, requires availability of accurate mathematical model of the plant. Also the controller needs complete state vector for its implementation. To address these issues, GESO [20, 21] is designed to estimate the effect of uncertainties and disturbances as well as the system states in an integrated manner. The estimates are used to meet the requirement of state vector as well as to robustify the predictive controller designed for nominal system. Notable features of the design are as follows. Firstly, the design offers robustness through uncertainty estimation and compensation without needing knowledge of any characteristic of the uncertainty. Next, the controller is acceleration tracking and thus the issues associated with output redefinition are overcome. Also, no separate observer design for estimation of angle of attack is needed as the GESO estimates the same along with the disturbances and uncertainties. Lastly, the predictive design yields the feedback control and disturbance compensation gains simultaneously and thus separate procedures for obtaining them are not needed. Closed loop stability of the system under the proposed controller-observer structure is established. Simulations are carried out by considering parametric uncertainties, external disturbances, unmodeled dynamics, and measurement noise to demonstrate the effectiveness of the approach and the results are presented. The continuous time predictive controller is not robust and also needs complete state vector for its implementation. The use of GESO has addressed both of these issues effectively. On the other hand, the GESO based design proposed in [20] needs design of feedback control gain and disturbance compensation gain. The predictive control offered a solution for the design of these gains simultaneously. In essence, the techniques have complemented each other to offer a more practical and viable solution. Thus, the novelty of the work lies in efficient use of continuous time predictive control approach for addressing a practical problem of missile autopilot design.
The remainder of the paper is organized as follows. Section 2 presents the missile pitch autopilot problem. In Section 3, predictive controller design for missile autopilot problem is presented. In Section 4, the GESO formulation is briefly reviewed and the GESO based predictive controller is presented. Closed loop stability results are presented in Section 5 and simulation results demonstrating the effectiveness of the proposed design are given in Section 6. Lastly, Section 7 concludes this work.
Missile Autopilot Problem
This work is concerned with pitch autopilot design for an aerodynamically tail controlled, roll position stabilized, skidto-turn tactical missile. The objective is to force a missile to track a desired lateral acceleration command generated by the outer guidance loop. The design is expected to offer robust stability and performance over its operational flight envelope.
As is well known, the equations that represent the dynamics of a missile are usually highly nonlinear [1] . Assuming that the missile is roll position stabilized, one can use the linearization procedure to obtain a linear model for the pitch plane aṡ(
where is the velocity (m/s), is the angle of attack (rad), is the pitch rate (rad/s), and and (rad) are the actual and commanded fin deflections, respectively. The quantities , , , , and are the nominal values of seminondimensional aerodynamic force and moment derivatives. The terms and represent the effect of uncertainties and external disturbance in the respective equation. To be specific,
where the quantity, Δ(⋅), represents the uncertainty associated with the respective aerodynamic derivative and and are the external disturbances, if there are any. The controlled output of the system is normal acceleration, (m/s 2 ) as given by (2) . It may be noted that the state equation (1) contains tail fin actuator dynamics approximated by a first-order lag with a time constant of . The control input is the commanded fin deflection; that is, = .
In this work, as considered in many designs, it is assumed that measurements of lateral acceleration, ( ), and pitch rate, ( ), are available and thus the quantities form the measured outputs. Therefore, considering ( ) as the controlled output and ( ) and ( ) as measured outputs, dynamics (1)-(2) can be written in state space model form aṡ
where
is the plant state vector, is the controlled output, and is the measured output vector. The other quantities in (4) are 
From (1), it can be seen that the uncertainties are mismatched; that is, they do not appear in the control input channel and therefore compensating their effect may not be a straightforward task. In this work, GESO is used to estimate the mismatched uncertainty to robustify predictive controller.
Predictive Controller Design
The continuous time predictive control approach represents one viable approach for designing controllers for nonlinear systems. In this approach, first introduced by Lu [18, 19] , the state or output response of dynamical system is predicted by appropriate functional expansions and a quadratic performance measure based on the predicted errors in the actual response and desired response and current control expenditure is minimized pointwise to obtain an optimal feedback control law. One has state tracking problem if the desired response is of state and output tracking problem if the desired response is of output. Since then, various applications of the approach have appeared in the literature [11, [22] [23] [24] [25] [26] .
Here, an output tracking formulation of the continuous time predictive control approach is used for the design of acceleration tracking control law. To this end, consider the system of (1)- (2) . Suppose that the desired output trajectory is specified by ⋆ ( ). Given the present output, ( ), at any instant , the current control ( ) determines the output response in the immediate future. To predict the output response due to present control input, the following procedure is followed. In doing so, certain assumptions have been made. Firstly, the contribution of control surfaces in the force equation has been neglected as the control surfaces are primarily moment producing devices. As is well known, the control surfaces are essentially moment producing devices. The surfaces generate small control force; however, since they are usually located far away from the center of gravity of the missile, they generate significant moments. Since the magnitude of the control forces is significantly smaller comparative to the forces generated by the missile due to angle of attack, they are usually neglected in controller design. The assumption has been routinely used as can be seen from [14, 17, 27] . Mathematically, the assumption results in relative degree of the controlled output, ( ), as three. Next, it is assumed that the rate of change of the uncertainties, that is, anḋ, is negligible. Now following the output tracking formulation of predictive controller, the output at time ( + ℎ) is predicted by approximating ( + ℎ) by 3rd-order Taylor series at . Thus, one can express ( + ℎ) as a function of ( ) as
where ℎ > 0 is designated as the prediction horizon and
where = + . Note that, by defining the uncertainty in this manner, the neglected control forces are accounted for in the design. In similar manner, higher-order output derivatives are obtained as
where the functions Φ and Φ are defined appropriately for the sake of brevity. It may be noted that, in (9), the uncertainties and are present througḣanḋand therefore form part of the function Φ . Next, expanding the reference output ⋆ ( + ℎ) in the 3rd-order Taylor's series yields
In order to find the current control, ( ), which improves tracking accuracy at next instant, consider a pointwise minimization of the performance index that penalizes the output tracking error at ( + ℎ) and current control expenditure ( ) as
where ( + ℎ) = ( + ℎ) − ⋆ ( + ℎ) is the predicted output tracking error and > 0 and ≥ 0 are the scalar weightings on predicted tracking error and current control input, respectively. The control that minimizes the 4 Journal of Control Science and Engineering performance measure assuming no control saturation is obtained by setting / equal to zero as
The quantitieṡ ( ) =( ) −̇⋆( ) and̈( ) =( ) −̈⋆( ) are evaluated using,̈given in (8)- (9) . Controller (12) requires selection of design parameters, that is, the weightings and and the prediction horizon, ℎ, and proper choice of them is vital for achieving desired performance. It can be verified that when there is no penalty on control input, that is, for = 0, substitution of (12) in (9) yields the output tracking error dynamics as
from where it is obvious that asymptotic tracking of the desired output is achieved for ℎ > 0.
As can be seen, the predictive controller (12) requires accurate mathematical model of the plant and therefore may not offer satisfactory performance in the presence of uncertainties and external disturbances. Also, the controller needs complete state vector as well as knowledge of the uncertainties and for its implementation. Addressing these issues for integral-chain nonlinear systems, standard ESO has been used for robustification of the predictive controller in [28] . In this work, as the pitch dynamics represent nonintegral-chain system with mismatched uncertainty, GESO is used for robustification of the predictive controller as discussed in the next section.
Generalized ESO Based Pitch Autopilot Design
One approach to robustify a given controller in the presence of uncertainties without requiring any knowledge of the same is through uncertainty and disturbance estimation [21] . The idea is to estimate the effect of uncertainties and disturbances and to use the opposite of it in the controller to compensate its effect. To this end, various techniques have been proposed in literature to estimate the effect of uncertainties and disturbances [15, [29] [30] [31] [32] [33] [34] [35] . In the context of the present problem, while one can use any disturbance estimator/observer to address the issue of robustness, a separate design of state observer will be required as the predictive controller needs complete state vector. An extended state observer (ESO) [36] [37] [38] [39] is one approach that meets both of these requirements simultaneously. Owing to its efficacy, a variety of applications of the ESO based control strategies, widely referred to as Active Disturbance Rejection Control, have appeared in the literature [17, [40] [41] [42] [43] [44] [45] [46] . While the standard ESO has offered viable solution to many practical problems as stated above, it needs dynamics in integral-chain system form with matched uncertainty. Extending the usefulness of the standard ESO for general systems, that is, for nonintegral-chain systems having mismatched uncertainty, a formulation of generalized ESO is proposed in [20] . The formulation is designated as generalized ESO for obvious reason. As the pitch dynamics of (1) are not in integral-chain form and do not have matched uncertainty, the GESO is employed in this work to estimate the states and uncertainty. The design, therefore, does not require coordinate transformation as done in [17, 43, 46] .
Generalized ESO.
As stated in the last section, the GESO extends the functionality and utility of the standard ESO for general systems. Consequent to its appearance in [20] , applications of the GESO based designs have also appeared in literature. For example, an angle of attack tracking controller for tactical missile is presented in [13] , wherein the authors have employed equivalent input disturbance while designing the GESO. In the present work, an acceleration tracking controller is proposed based on the output tracking formulation of continuous time predictive control. In the design of GESO, actual disturbances are considered. One important feature of the proposed predictive design is that it yields the feedback control and disturbance compensation gains simultaneously and thus separate procedures for their designs are avoided. Now consider the dynamics of (4). Following the similar treatment as done in standard ESO, the plant state vector is augmented by defining the uncertainties as additional states. To this end, defining 4 = and 5 = , the extended order system can be written aṡ
where is an identity matrix and ℎ 1 and ℎ 2 are the rate of change of disturbances and , respectively. The quantities ℎ 1 and ℎ 2 are assumed as unknown but bounded quantities in this work. As ( , ) is observable, a GESO of the following form is designed for the system of (14) aṡ
where is the observer gain vector. As the uncertainties form part of the states of the extended order system, the GESO provides estimate of the states as well as the uncertainties simultaneously.
GESO Based Predictive Controller. Using the GESO estimated states and disturbances in (12), the controller takes the form as
where the quantities,, and ... in (8) and (9) are evaluated using the estimated states and disturbances. The controller will be referred to as the GESO based predictive controller and is now implementable. The functional block diagram of the proposed pitch autopilot design is shown in Figure 1 .
Closed Loop Stability
Following [20, 28, 43] , closed loop stability of plant (4) with controller (17) is analyzed in this section. For simplicity, the results are worked out for set point tracking problem by treatinġ⋆( ),̈⋆( ), and ... ⋆ ( ) as zero. Further, one has ⋆ ( + ℎ) = ⋆ ( ) for a set point tracking problem. Now rewrite the predictive controller (12) using matrix notations of (4) as
. As stated earlier, since the contribution of control forces, that is, , is ignored in controller design, pr and pr are obtained from and by taking = 0. Next (18) can be written compactly as ) ,
From (20), it is obvious that the proposed predictive design yields the feedback control gain, , and disturbance compensation gain, , simultaneously and therefore separate procedures for their design are not needed. It can be verified that the rank condition stated in [20] for the design of , that is, rank ( pr ( pr + )
is satisfied in the proposed design. Using the GESO estimates, controller (19) takes the form as
The GESO estimation error dynamics can be obtained by subtracting (16) from (14) aṡ
where is estimation error vector; that is, = [ ] , where = −̂and = −̂. Using the state equation of (4) and (22) giveṡ
where ℎ = −( ) + + ⋆ ⋆ . The output tracking error dynamics are defined aṡ= (̇−̇⋆). Noting thaṫ ⋆ = 0 for set point tracking, stability of output tracking error dynamics,̇, is decided by the state dynamics. Therefore, combining (23) and (24) gives From (25) , it can be verified that the eigenvalues of the system matrix of the closed loop error dynamics are given by the eigenvalues of ( − ) and ( − ). Since ( , ) is controllable and ( , ) is observable, stability of (25) can be ensured through appropriate choice of the controller design parameters and the observer gain. Further, since (25) is stable, it is obvious that, under the assumption of boundedness of ℎ and ℎ , bounded input-bounded output stability for linear system (25) is assured.
As is obvious from (25) , the stability of the closed loop error dynamics is governed by the eigenvalues of ( − ) and ( − ) matrices. Thus, the controller gain, , and the observer gain, , need to be chosen appropriately to ensure stability. The observer gain depends on the observer bandwidth and therefore it can be straightforwardly obtained using the pole placement technique. The controller gain, on the other hand, depends on the predictive controller design parameters, that is, on the weightings and and the prediction horizon ℎ as can be seen from (20) . In general, it is possible to have many sets of these parameters to meet the given controller time constant or bandwidth requirement. A special case occurs when = 0, wherein the stability of the output tracking error dynamics is solely governed by the choice of prediction horizon as can be seen from (13) . In this Journal of Control Science and Engineering case, it can be seen that the tracking dynamics are stable for ℎ > 0.
Lastly, it may be noted that, in this work, the rate of change of uncertainties is assumed to be negligible. Although the assumption appears to be restrictive, in practice it holds true to a great extent. It can be seen from (23) that if the rate of change of uncertainties is negligible, the GESO state estimation error dynamics exhibit asymptotic stability. However, if the uncertainties are fast varying, it is possible to tackle the same using higher-order observer. For example, if uncertainty is fast varying and its th derivative is small enough, then one can extend the order of GESO by instead of one.
Simulations and Results
Simulations are carried out to verify the performance of the GESO in state and uncertainties estimation and tracking performance of the proposed design. To this end, the nominal values of the various aerodynamic parameters for a representative tail controlled missile flying at 500 m/s as taken from [1] The servo time constant is taken as = 0.01. For the autopilot design, it is desired to have the closed loop time constant as 0.1 seconds. As has been shown in [19] , closed loop time constant in predictive controller is of the order of prediction horizon. Therefore, prediction horizon, ℎ, is taken as 0.1. To make the observer fast enough, the observer poles are placed at −90; thus while the controller bandwidth is of the order of 10 rad/s, the observer bandwidth is 90 rad/s. The weightings and are taken as 1 and zero, respectively. The initial conditions for plant as well as GESO are taken as zero. The reference input considered is a series of commanded acceleration in m/s 2 as ⋆ = 50 for 0 < ≤ 3 s, ⋆ = −35 for 3 < ≤ 6 s, and ⋆ = 40 for > 6 s. In the simulations, the derivatives of reference signal required in the predictive controller (12) and GESO based predictive controller of (17) are taken as zero as the considered reference is a sort of square wave signal. With these data, simulations are carried out using controllers (2) without any uncertainty and the results are presented in Figure 2 . From the figures, it can be observed that the performance of both controllers is identical.
Next, simulations are carried out by introducing parametric uncertainties, unmodeled dynamics, measurement noise, and external disturbances. Parametric perturbations are introduced in aerodynamic derivatives except the one that appears in output channel (i.e., in and ) for the reason explained later. To this end, uncertainties of −20% in , , and of their respective nominal values are introduced in the plant dynamics. The accelerometer and rate gyro measurements are assumed to be corrupted by white noise of standard deviation of 0.01 m/s 2 and 0.0667 deg/s, respectively [47] . Figure 3 , the output tracking performance of the predictive and GESO based predictive controller is presented. The commanded and achieved acceleration histories are shown in Figure 3(a) , from where it can be seen that the GESO based predictive controller has offered accurate tracking of the output notwithstanding the uncertainties and disturbances. The corresponding control input histories are shown in Figure 3 Figures 4 and 5, from where it can be seen that the GESO has estimated the states as well as the uncertainties quite accurately.
Lastly, simulations are carried out by including parametric uncertainties of +5% in in addition to the aforementioned uncertainties, disturbances, unmodeled dynamics, and measurement noise and the results are presented in can be observed that the estimation accuracy is marginally degraded. Introduction of uncertainty in the derivatives appearing in the output channel leads to uncertain in (14) . Since the GESO formulation caters for uncertainties in state equation only, the state and uncertainty estimation in the event of uncertainty in output matrix leads to marginally degraded performance. While addressing the issue of uncertainties in output equation in GESO framework can form a scope for further research, the tracking performance of the proposed GESO based predictive controller in the presence of uncertainties in output channel is quite satisfactory as can be seen from Figure 6 .
In the simulation results presented in this section, it is important to note that the predictive controller of (12) has been implemented using exact values of the states, whereas the GESO based controller (17) uses the GESO estimated states. It is logical that when the predictive controller (12) is implemented in conjunction with a separately designed state observer, the performance would not be the same and is likely to degrade further in comparison with the GESO based predictive controller.
Conclusion
In this work, generalized extended state observer (GESO) robustified continuous time predictive control based acceleration tracking controller for pitch autopilot design of a cruciform, roll position stabilized, tail controlled tactical missile is proposed. The predictive control yields the feedback control gain and disturbance compensation gain simultaneously avoiding separate design procedures. Closed loop stability for the proposed design is established. The effectiveness of the GESO in estimation of the states and uncertainty and tracking of the commanded acceleration using the GESO based predictive controller is demonstrated through simulation. The results show that the GESO robustifies the predictive controller effectively leading to satisfactory tracking of the desired command in spite of the considered parametric uncertainties, unmodeled dynamics, external disturbance, and measurement noise. Lastly, as a further scope of research, the issue of uncertainty in output equation in GESO is highlighted.
